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ON THE TORUS THEOREM FOR CLOSED 3-MANIFOLDS
BY

c. . FEUSTEL()

ABSTRACT. In this paper we give the appropriate generalization of the
torus theorem to closed, sufficiently large, irreducible, orientable 3-manifolds.

I. Introduction. In [2] we proved the torus theorem for a bounded, orient-
able, 3-manifold M and conjectured that the theorem would also hold if M were
sufficiently large, closed, irreducible, and orientable. W. Jaco has pointed out to
the author that one can construct a counterexample to our conjecture by sewing
a solid torus M, to the knot space M, of a torus knot so that the fibrings of M,
and M, agree. Of course one requires that the spanning surface of the torus knot
is of genus greater than one.

It is the purpose of this paper to prove that if M is a sufficiently large,
closed, orientable irreducible 3-manifold that admits an essential map of a torus,
either M admits an essential embedding of a torus or a finite sheeted covering
space of M has a particular structure. It would be interesting if all closed, orient-
able irreducible 3-manifolds that admit essential maps of tori and not essential
embeddings of tori have covering spaces with this structure. In particular such
3-manifolds would be “almost sufficiently large.”

Theorem 1 also aims at a partial answer to question 3 in [4] for genus 1
surfaces.

The results of this paper also follow from theorems proved independently
by Johanssen and by Jaco and Shalen, which classify the boundary-preserving
maps of a torus or annulus into a sufficiently large 3-manifold, up to boundary-
preserving homotopy.

II. Notation. We adopt the notation and conventions in [7] without
change. We let A represent an annulus, ¢, and ¢, the components of 34 and «
a spanning arc of 4 (i.e. 4 — a is connected and simply connected) throughout
this paper. Let M be a 3-manifold and F an incompressible surface in 9M. Then
f: (4, 04) — (M, F) is an F-essential map if

1) fu: 7 (4) — 7, (M) is monic.

(2) f(a) is not homotopic rel its boundary to an arc on F.
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If F = oM, we say that f is essential. Let Tbe a torus. Amap f: T— M is
essential if

1) fy: () — 7w, (M) is monic.

(2) There is a loop A C T such that f{}) is not freely homotopic to a loop
in oM. Note that the second condition does not apply if M is closed.

Let F be a surface embedded in M or 0M. Let gy, g,: (4, 34) — (M, F),
then g, and g, are parallel rel F if there is an embedding H: A x I —> M such
that

(1) HA x {0} =g,(4),

@) HA x (1)) =g,(4),

(3) HPA x ) CF.

Let M, be a 3-submanifold of M. Then Fr(M,;, M), or simply Fr(M,) when
no confusion can result, is the closure of @M; N (M — aM)).

III. Supporting results. The following results are useful in the proof of the
principal theorem of this paper. Proposition 4 is of some interest in itself.

LEmMA 1. Let M be a closed, connected, irreducible 3-manifold and F a
closed, connected, 2-sided, incompressible surface of minimal genus embedded in
M. Let N be a regular neighborhood of F in M. Let f: T — M be an essential
map. Suppose

(1) f~Y(F) is the union of a nonempty collection of essential simple loops.

(2) f is not homotopic to a map f> T — M such that f ~' contains fewer
components than f~(F).

(3) The f image of each component of T — f~1(F) meets both components
of N-F.

Then there is an essential map g: K — M where K is either a torus or a
Klein bottle such that

(1) g~ Y(F) is the union of a nonempty collection of essential simple loops.

(2) K -g~'(F) is the union of a collection of open annuli.

(3) The restriction of g to the closure of each component of K -\
is not homotopic rel g~ (F) to a map into F.

(8) The restriction of g to each component of g~ *(F)and K —g~'(F)is a
homeomorphism.

ProoF. This is Lemma 5.11 in [2] except that M is a closed manifold.

LEMMA 2. Let F be a closed, connected, 2-sided, incompressible surface of
minimal genus properly embedded in M. Let N be a regular neighborhood of F
in M. Let K, be a torus or a Klein bottle and f: Ky — M an essential map such
that

(1) f~L(F) is the union of a nonempty collection of disjoint simple loops.
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(2) The components of K, — f~'(F) are open annuli whose closures we
denoteby A, ..., A,.

(3) fl4,) meets only one component of R — F,.

(4) 114, is not homotopic rel 34, to a map into F fori=1,...,n.

(5) fis not homotopic to a map f, such that fT Y(F) contains fewer loops
than f~1(F).

Then there is an essential embedding g: T — M.

ProoF. This is an immediate consequence of Lemma 5.12 in [2] since the
boundary of a regular neighborhood of an essential embedding of a Klein bottle
in M is an essential torus.

LEMMA 3. Let M be a closed, imeducible, orientable 3-manifold and F a
closed, connected, 2-sided, nonseparating, incompressible surface embedded in M.
If M admits an essential map f: T — M, either

(1) M admits an essential embedding g: T — M or

(2) M is a fibre space with base S* and fibre F and there is a finite sheeted
¢yclic cover (117, D) of M associated with F such that M is homeomorphic to
F xS,

PROOF. After the usual argument, we suppose that f~!(F) is the union of
a collection of disjoint, essential, simple loops. If f~!(F) is empty, it is a con-
sequence of Theorem 8 in [2] that there is an embedding g: T — M — F such
that g,: m,(T) — m,(M — F) is an injection. Since n,(M = F) — n,(M) is
monic, g: T —> M is an essential map. Thus we may suppose that £ ~1(F) is the
union of a nonempty collection of disjoint simple essential loops A, . . . , A,
and that the number of loops in this collection cannot be reduced by a homo-
topy of f.

Let N be a regular neighborhood of Fin M. If the f image of some com-
ponent of T — f~1(F) meets both components of N — F, Lemma 3 is an immedi-
ate consequence of Lemma 2. Thus we may suppose that the f image of each
component of T — f~!(F) meets both components of N - F. It is now a con-
sequence of Lemma 1 that there is an essential map f: K — M where K is either
a torus or a Klein bottle such that

(1) f~1(F) is the union of a nonempty collection of disjoint simple essen-
tial loops.

(2) Each component of K — f7!(F) is an open annulus.

(3) The restriction of f; to each component of K —f71(F) and £ '(F) is
a homeomorphism.

(4) f, is not homotopic to a map f; such that f7!(F) has fewer compo-
nents than £ !(F).
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If the f, image of some component of K — £ !(F) meets only one compo-
nent of N - F, we apply Lemma 2 to complete the proof of Lemma 3. If f f’(F)
is a single loop, f; is an embedding and we are finished. Let A4,,..., 4, be
the closures of the components of K — f l'l(F) and A, ..., A, the components
of f71(F). We may now suppose that f1(4; — 84,) meets both components of
N-Ffori=1,...,nwheren>2.

We suppose that f has been chosen so that the number of loops in £~ (F)
is minimal. Suppose 4; N f “I(Aj) contains an essential simple loop A where
1<i<j<n Let), C4,bealoop on K such that fA,) = fQ,). Since A,
is essential, A, is essential. Now K — (A; U \,) is the union of two open annuli
whose closures we denote by B, and B,. We observe that f{B,) defines an essen-
tial map f of a closed connected surface K of Euler characteristic zero such that
&Y = f(B,), fiis essential by Lemma 5.3 in [2]. This is easily seen to contra-
dict our assumption that f was chosen so that f ~1(#) would contain a minimal
number of loops. Thus 4, N f -14 ,) contains no essential simple loops for
1<ij<nandi#j.

For any essential map f° K —> M such that f~1(F) = UL\, we define
X = U?#i f()\i) N j_()\].). We suppose that f; has been chosen to satisfy (1)—
(5) below and so that there is no map f homotopic to f; such that

) Jf_l(F) =1 = UL\

(2) fIA; is a homeomorphism fori=1,...,n.

(3) fI(4; —34,) is a homeomorphism fori=1,...,n.

(4) The cardinality of X(f) is less than that of X(f).

G) YN NA) =8 if 1<i<j<k<n.

Now it can be seen that X(f,) is a finite set. We may assume that

Jj = cl4; N 71, (nt(4,))

is the union of a collection of disjoint simple loops and arcs properly embedded
in 4; where 1 <i<j<n

We claim every arc in Jii properly embedded in A, is a spanning arc of 4;.
Suppose B; C J;; is an arc properly embedded in 4, such that 3B, lies on a single
component of 34;. Now B, cuts off a disk D, C 4;. By construction f,|D, is a
homeomorphism. Let §, be the arc on 4; such that f;(8,) = f16,). Now B,
cuts off a disk 0, C 4; and f,1D, is a homeomorphism. We may choose D, so
that f,(D,) N f,(D,) is the union of f;(8,) and a collection (possibly empty) of
disjoint simple loops properly embedded in f,(D,). Let 8] and §, be the closures
of 8D, — B, and 3D, — B, respectively. Now f,(8}) U f>(B3) is a simple loop
A C UL,/ and X is nullhomotopic in M across the singular disk f; (UL
£1(D,). Since F is incompressible, we may suppose that A bounds a disk D
embedded in F. After the usual argument, we may suppose that each arc 8§ C
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Uit 1 £ \) properly embedded in D meets f, (ﬁ;) in a single point forj =1, 2.
Since f, (8} ) is isotopic rel its boundary to £, (8}) across D it can be seen that fi
was not chosen so that X(f; ) would be minimal.

Similarly if 8, and 8, are arcs in A; and A where 1 <i<j<nand f,(8,)
U f,(8,) bounds a disk D C F, we can show that the best possible choice was not
made for f; .

Let Ny be a regular neighborhood of UL, f;(,) in F. Now N; isa 2-
submanifold of F. Let N; C F be the smallest submanifold of F that contains
some given component of N; so that m,(V,) — m,(F) is an injection. We claim
that there is a submanifold M, of M such that

(1) M, is a fibre bundle with base S' and fibre N, .

(2) N, is a fibre of M, .

(3) m,(M,) — =, (M) is an injection.

In this case if N, has boundary, a component of oM. , will be our desired essential
embedding. Otherwise M is a fibre bundle with base S! and fibre F.

Let M* be the manifold obtained by splitting M along F and P: M* — M
the natural projection map. We will assume that N, is connected; however, the
interested reader will easily be able to fill in the missing details in the general
case. Let O, and Q, be the components of P“(Nl). Clearly we need only
show that there is an embedding of H: Ny x I — M* such that HV, x {0}) =
0,, HNVy x {1}) = Q, and PHWN, x ) = M.

Let h;: A; — M* be the map induced by f,14; fori=1,...,n Let
¥ =hA4) N Q, and u; = h(4,) N Q, fori=1,...,n We may suppose that

;'=1I‘j Ny, #Bfori=1,...,n—1since N, has been taken to be connected.
Let R, be a regular neighborhood of #,(4,). Now h, is homotopic to an em-
bedding h3 rel 94, so that the closure of (9R, — (Q, U @,)) N h%(4,) is the
union of a nonempty collection of disjoint simple arcs and loops. Since ,(M*)
= 0 as a consequence of the irreducibility of M and the sphere theorem [4], [8],
0R, N h3(A,) may be taken to be a collection of disjoint simple arcs. We ob-
serve that each component y of Q; N R, N h$(3A4,) contains a crossing point of
h,(@4,) and h,(d4,). Thus the component D of h3(4,) N R, containing y
contains an arc running from @, to Q,. It is easily seen that D is either a disk
or all of h3(4,) and that DN R, - (Q, U @,)) is a pair of disjoint simple arcs
running from @, to @,. Let R, be a regular neighborhood of R, U h3(4,). It
can be seen that R, is homeomorphic to the product of F,=R,N Q, with the
unit interval. If m,(F,) — m,(Q,) is not an injection, there is a disk £, embed-
ded in @, such that E; N F, = 3E,. Now 9E, is freely homotopic in 81_22 toa
loop in Q, so there is a disk £, embedded in Q, such that E, N oR, = 3E,.
Now E; U E), together with an annulus in R, is a 2-sphere that bounds a 3-ball
B in M* and B U R, is homeomorphic to the product of F, U E, with the unit
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interval. We let R, be the smallest submanifold of M* such that

(1) R, 2R,.

(2) R, is homeomorphic to the product of R, N @, with the unit interval
under a homeomorphism which carries R, N Q, to (R, N @,) x {0} and (R, N
0,) to (R, N Q,) x {1}.

(3) m,R, nQ,) — m,(Q,) is an injection.

We admit that the proof above is more complicated than is necessary to find
R, ,but the proof above also suffices to extend R, to Ry when A} is chosen to
be a map homotopic to &5 rel 945 such that the closure of (R, — (@, N @,))
M h3(A,) is the union of a nonempty collection of disjoint simple arcs each of
which runs from Q, to Q, and our claim follows after an inductive argument.

We assume that M is a fibre space with base S! and fibre F and observe
that any finite sheeted covering associated with F will also be such a fibre space.
It follows from the proof above that 7, (f(T) N F) — m,(F) is an epimorphism.

Let (3, p) be the n-sheeted cyclic cover of M associated with F. Let fkK
— Mbe a lift of f. Note that fis an embedding. Let p: M—Mbea generator
of the group of covering translations of M. Note that p(K) N p/(K) is the union
of a collection of disjoint simple loops for 0 <i <j <n. Let m be twice the
least common multiple of the intersection numbers of loops in p’(K) N p/(K) and
Ffor1 <i<j<n-1. Let (M*, q) be the m-sheeted cyclic cover of M associ-
ated with any component of o~ Y(F).

We claim that M# is homeomorphic to F x S!. Observe that ¢~ 1(of(K))
is a torus embedded in M* for 0 < i < n and that each essential loop in
a~ 1K) N g~ (p’f(K)) meets each component of (pg)~!(F) in either the
empty set or a singleton set.

Let F# be a component of (pg)~ '(F). We split M¥ along F# to obtain
a 3-manifold M and let P: M — M* be the natural projection map. Now
q~1(0'7(K)) induces an embedding

h;: (4, 34) — (4, P~ (F*)) for 0 <i<n.

By construction #,(4) N h;(4) is the union of a collection of disjoint simple span-
ning arcs and inessential simple loops for 0 <i <j <n. Let F’l and F‘2 be the
components of P~ (F#). We may suppose that h(c,) C F; for 0 <i <n and
that U%,,(c;) N Ry, 1(c,) is not empty for 1 <k <n — 1 since we have
shown that f(K) N F is connected or M admits an essential embedding of T.
Let @ C h,(4) N hy(4) be a spanning arc of h;(4). Observe that P(dc)
is a single point. Let k¥ be a map homotopic to A, rel 34 such that
h$(A) N h,(A4) contains no simple loops. Let N, be a regular neighborhood of
h3(c,) U hy(c,) in F;. Then there is an embedding H,: Ny x I — M such that
(1) H,(x,0)=xforx EN, and H,(V, x {1}) CF,.
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(2) PH,(x,0) =PH,(x, 1) forx EN,.
(3) For each arc @ Ch,(4) N h¥(A4), Hy (@) = {x,} x I for some x, €

@ H'h(A)=h,(c;) x L

(5) H'h¥A) = hy(c,) x L

By assumption there is a spanning arc @, of h;(4) in h,(4) N h5(4) or in
h3(4) N hy(A). We assume the former.

We claim that H'(a,) is homotopic rel its boundary in Hy'h,(4) to a
product arc in Ny x 1. It follows from our claim that k4 is homotopic rel 94 to
a map k3 such that 2%(4) N h,(A4) is the union of a collection of disjoint simple
spanning arcs and thus that h3(4) N h3(4) N h,(4) is empty. In this case we
will be able to extend our product structure as was done in proving that M is
homeomorphic to a fibre space except that our product structure will be compat-
ible with P so that M can be seen to be F x S,

It remains to establish our claim. Note that P(da,) is a point so that
H7'(@a;) = {xy} x {0,1}. Let §: N; x I — N, be defined by 6(x, £) =x
forx €N,. Since PH,(x,0) = PH,(x, 1) for x EN|, O(Hl“h3(aA)) contains an
arc § such that H;(8 x {0, 1}) C h3(34) and H,( x {0}) and H;(8 x {1}) are
the components of /#5(d4) N H,(V, x I) containing da,. Now k; is homotopic
to a map k¥ rel 94 U h3!(@,) such that h¥—1H,(dN, x I) is a collection of
disjoint spanning arcs. Let D be the closure of the component of 4 —
hE=1H, (3N, x I) that contains h¥~!(&,). Now 0H7'h¥: D — N, determines
a map ¢: (4, 94) — (N, dN,). If ¢(c,) is nullhomotopic in N,, 6HT (@) is
nullhomotopic in N, and thus H l"(&'l) is homotopic to a product arc in N; x L
If ¢(c,) is essential in N, , either N, is an annulus and k,(c,) and h,(c,) are iso-
topic in N, to disjoint loops or ¢ is homotopic to a map into aV, and h4(c,) is
isotopic in F; to a loop not meeting h,(c,) U h,(c,). Either of the above con-
tradicts the minimality of the cardinality of X(f) so our claim is established.

This completes the proof of Lemma 3.

REMARK 1. It is clear from the proof of Lemma 3 that if a manifold M
satisfying the conditions of Lemma 3 admits essential embeddings g, g,: T —
M such that

(1) g,(T) N F and g,(T) N F are unions of collections of disjoint loops.

(2) The number of points in F N g, (T) N g,(T) cannot be reduced by an
isotopy of g, (T) or g,(T).

(3) (g, (7)Y g,(1) N F) — =, (F) is onto (in particular (g,(7) U
&,(7) N F is connected), then M has a finite sheeted covering homeomorphic to
F xS

PRroPOSITION 4. Let M be a compact, connected, irreducible 3-manifold
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and F an incompressible surface in 9M. Letn >1and fori=1,...,n f:
(A4, 84) — (M, F) be essential maps. Then there is an embedded line bundle N
in M and collection of essential maps f; yee e f—n: (A, 9A) — (M, F) such that

(1) f;and f;: (4, 94) — (M, F) are homotopic.

(2) N N F is an incompressible surface in M and is a 2-sheeted (not neces-
sarily connected) cover of the zero section of N.

(3) 3N N OF contains \J1, f;(34).

(4) Fr(N) is the union of a collection of essential annuli in M.

(5) No fiber of N is homotopic el its boundary to an arc in F.

Proor. Let h;: (4, 04) — (M, F) fori=1, ..., m be a maximal col-
lection of essential embeddings such that 2, (4) N h,.(A) isempty for 1 <i<j<
m and h,(A) and h;(4) are not parallel rel F for 1 <i <j <m. It is a consequence
of Theorem 3 in [1] that this collection is not empty and of the theorem on
p- 60 in [7] that the collection is finite. Let N, be a regular neighborhood of

= 1h4) in M. Then N, is homeomorphic to a line bundle. We suppose that
the f; fori=1, ..., n are in general position with respect to Fr(V;) and that
the number of points in f,-'l(a Fr(V,)) cannot be reduced by a homotopy of
fi:(A,04)— M, F)for 1 <i<n.

Suppose that for some j, where 1 <j <, f; is not homotopic to a map f;
such that ;13 Fr(V,)) is empty. Let J = f;!(Fr(V,)). Now J is the union
of a collection of disjoint simple arcs and loops properly embedded in A. Since
g 7, (A) — m, (M) is monic and Fr(V,) is incompressible in M, the usual argu-
ment shows that J may be assumed to contain no nullhomotopic simple loops.

If J contains an essential loop, each arc 8, in J that is properly embedded
in A has its endpoints on a single component of 94. Let D be the disk on 4 cut
off by 8,. Let 8, be the closure of 9D — ;. We observe that f}(Bl) lies on a
single component of Fr(V,) and since the components of Fr(V,) are essential
annuli in M, f,(3B, ) lies on a single component of 9 Fr(¥V,). But now fi(ﬁl) is
homotopic rel its boundary to an arc in 3 Fr(V,) as is f(8,) in F since F is in-
compressible. It can now be seen that f; was not chosen so that f; 1@ Fr(v,))
would contain a minimal number of points. ThusJ can contain no essential loops.

The argument in the preceding paragraph also shows that each arc § C J
and properly embedded in A must be a spanning arc of 4. It is not difficult to
see that we may suppose that f(B) is a spanning arc of one of the annuli in
Fr(V,) and further that f;|J is an embedding. Note that since f;-(aA) N3 Frv,)
is not empty, J contains a spanning arc of 4.

Let D be the closure of a component of 4 — f;'(V;) and N} the closure
of M —N,. Observe that D is a disk and 3D N j“;."(Fr(Nl )) is the union of two
spanning arcs &, and o, of A. Let B, and B, be the closures of the components
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of 30— (¢; Vo). If ;D) is nullhomotopic in N}, fj(ﬁl) and fj(ﬁz) are ho-
motopic in F rel their boundaries to arcs in @ Fr(V, ) and the best choice was not
made for f;. It is a consequence of the loop theorem [6] and its proof that there
is a disk D, properly embedded in NT such that 9D, is essential in N} and

D, N Fr(V,) C f(B; U B,). Since F is incompressible and 9D, — Fi(V;) C F,
3D, N Fr(V,) = f;(8; Y B,) and the arcs which are the closures of 9D, — Fr(V,)
are not homotopic in F rel their boundaries to arcs in N; N F. Now it can be
seen that if N, is a regular neighborhood of N; U D,, N, is a (possibly twisted)
line bundle.

It is a consequence of an inductive argument and the compactness of F that
there is a line bundle N, C M such that

(1) N, N F =N, N aM is an incompressible surface in M and is a 2-sheet-
ed cover of the zero section of NV, .

(2) Fr(v,) is the union of a nonempty collection of essential annuli in M.

(3) If f{@4) N N, is not empty f(34) C N, for where f;: (4, 34) —
(M, F) is homotopic to f; fori=1,...,n.

(4) No fibre of N, is homotopic rel its boundary to an arc in F.

We assume that the f; were originally chosen as the f; so that we may omit
the superscript on f; when we continue the argument.

Suppose that £;(34) does not lie in N, N F and that f(c,) is not homo-
topic in F to a loop in N, N F. Let F,; be the closure of the component of
F - N, on which fi(cl) lies. If F, is not the planar surface with three boundary
components, it is a consequence of Theorem 2 in [3] and Theorem 1 in [1] that
there is an essential embedding 4, , ,: (4, 34) — (M, F) such that ,, . ,(c,)
lies on F; and h,, , ,(c,) is not homotopic in F; to a component of dF,. But
it would follow that the collection A, . . ., h,, was not maximal. Thus if F, is
the closure of any component of F — N, that contains a component of f,-(aA),
we may suppose that F, is the planar surface with three boundary components or
an annulus and f{c, ) or flc,) is not homotopic in the closure of F — N, to a loop
in 9(F N N,).

Let M, be the closure of a component of M — N, such that (M; N F) D
F; D fi(cl) where F, is a planar surface with three boundary components and
fi(c,) is not homotopic in F; to a loop in N, N F. It is a consequence of Theo-
rem 2 in [3], Theorem 1 in [2], and the maximality of the collection &, . . .,
h,, that N, D oF,.

We claim (a) M, is a product line bundle. We show first that oM, must
have total genus two and that }}(aA) does not lie entirely on F,. Since the Euler
characteristic of F; C M, is —1, it is clear that the component S of oM,
containing F; has Euler characteristic at most —2. Suppose f{(04) CF,. LetA
be a component of dF, such that A does not lie on an annular component of the
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closure of S — F,. By Theorem 2 in [3] and Theorem 1’ in [1] there is an essen-
tial (in M) embedding h,, , ,: (4, 94) — (M, F,) such that h,  ,(c;) = A.
Now 4, , ,(A4) is not parallel rel F to h(A4) fori=1, ..., m since then there
would be an embedding H: A x I — M such that HQA x I) C F, H(4 x {0})
CM,, H(c, x {0}) =2, HA x {1}) CM-M,,and HH~'(3M,) is an annulus
from X to a second component of dF, or contains an incompressible nonannular
2-submanifold of F,. Either of the above is impossible. Thus fi(aA) does not lie
entirely on F).

Let F, be the component of F N aM; on which f}(cz) lies. As above either
F, is homeomorphic to F; or f;(c,) is freely homotopic in F, to a loop in 9F,.
It is a consequence of Theorem 2 in [3] and Theorem 1’ in [1] that there are
disjoint essential (in M) embeddings g,, £,, g5: (4, 94) — (M, dM,) such that
g,(c;) VU g,(c;) Ugsle,) = oF,. Since g, is essential and g,(4) N UL 14,(4)
is empty we may suppose that g,(4) and h,(4) are parallel rel F. Similarly g,(4)
and g5(4) are parallel rel F to annuli in {h(4),i=1,...,n}. It follows that
8,(c;) Ugy(c,) Ugs(ey) =0F,. ThusS=F; UF, Ug,(4) Ug,(4)V g;(4)
and F, is homeomorphic to F,.

It is a consequence of Theorem 2 in [3] and the existence of f;: 4,04)—
(M,, 0M,) that there is a map g,: (4, 34)— (M, F; UF,)such that g,(c,) =
£,(c,), &,(c,) is a component of dF,, and g, () is homotopic rel its boundary to
the product of an arc in F,, f;(), and another arc in F,. If g,(cy) #8,(cy),
the collection #,, . . . , h,, can be extended using Theorem 1 in [1] which is
impossible. Now if g () is not homotopic rel its boundary to an arc in g,(4),
there is an (g, (4))-essential embedding g¥: (4, 34) — (M, , 3M,) such that
g(c,) = g,(c,) and g¥(c,) = £,(c,) as a consequence of Theorem 1'. We ob-
serve that if gf is not essential in M, g, is not essential in M, a contradiction;
and if we deform gf(aA) slightly into F; U F,, gf(A) and g, (4) are not parallel
rel F. Since gf: (4, 04) — (M, F) would extend the collection Ay, ..., A,
this is impossible so f(a) is homotopic rel its boundary to the product of an arc
in F, followed by a simple arc in g, (4), followed by an arc in F),.

We assume that fl-(o:) C 0M, as has been shown to be possible above and
observe that f;: (4, 94) — (M,, 9M,) induces a map f: D — M such that f(0D)
= f(34 U a). If f(3D) is nullhomotopic in 3M, there is a map f i (4, 04) —
(M, dM,) such that f}(A) C oM, andf}lBA = fl'.laA. It would follow that
fi{c,) is homotopic to a loop in 3F,.

We can now construct a disk D; properly embedded in M, such that D, N F;
is a simple arc properly embedded in F; for i = 1, 2 and 80, is not nullhomotopic
in 3M,. Let N, be a regular neighborhood of D; U g,(4). Now N; is a product
line bundle and f(c;) is homotopic in F; to a loop in g,(c;)) U (D; N F) fori =
1, 2. Using an argument similar to the one above, we can find disks D, and Dy
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properly embedded in M, such that D, N F; (D3 N F}) is an arc properly embed-
ded in F; fori =1, 2, D, N Fi(M,) C g,(4) (D; NFr(M,) C g5(4)), and 97,
and 87, are essential loops in 9M,. We may suppose that (D; N D,) U (D, N D)
U (D, N D;) is the union of a collection of disjoint simple arcs; and since M, is
irreducible, it can be seen that M, is homeomorphic to F; x I This establishes
claim (a). Proposition 4 now follows since M; U N, is a line bundle.

LEMMA 5. Let M be a closed, irreducible, orientable 3-manifold and F a
closed, connected, 2-sided, separating, incompressible surface embedded in M. If
M admits an essential map f: T —> M, then either

(1) M admits an essential embedding g: T — M.

(2) The closures M, and M, of the components of M — F are twisted line
bundles.

ProOF. We may suppose after the usual argument that f~!(F) is the union
of a collection of disjoint simple loops. Since 7,(M) = 0 and F is incompressible,
we may assume that no simple loop in f~!(F) is inessential in 7. We suppose
that f has been chosen so that f is not homotopic to a map f: T — M such that
F~Y(F) contains fewer loops than f~1(F). If f~1(F) is empty, Lemma 5 is an
immediate consequence of Theorem 8 in [2] since =, (Mj) — m, (M) is monic for
j=1,2.

Let R, be a regular neighborhood of AT) N Fin F. Let R, be the smallest
2-submanifold of F such that R, D R, and m,(R,) —> ,(F) is monic. We sup-
pose that f has been chosen so that the Euler characteristic of R, will be maximal
and so that R; has a maximal number of components. Let 4,,..., 4, be the
closures of the components of T — f 'I(Mz) and f;, . . . , f,, be the restriction of
ftod,, ..., A, respectively. It is a consequence of Proposition 3.3 in [2] that
fi: (4;, 94)) — (M, F) is an essential map fori=1,...,n It follows from
Proposition 4 that there is a line bundle N, embedded in M, and maps f;: (4;,
34,) — (M,, F) homotopic to f; fori =1, ..., n such that UL, £;(34,) C
N, N F where N, N F is an incompressible surface embedded in R,. If N, NF
is not a deformation retract of R, either R, has fewer components than Ny N
F or the Euler characteristic of N; N F is greater than that of V. Either of the
above contradicts our choice of f.

A similar argument shows that there is a line bundle N, embedded in M,
such that N, N F is a deformation retract of R,. Thus we may suppose that
N, NF =N, NF. Note that if N, N F =F, dN, = F is connected and both
N, and N, are twisted line bundles.

Otherwise we observe that Proposition 4 guarantees that fibres of N, and
N, are not homotopic rel their boundaries to arcs in F. Note that N, UN, is a
3-submanifold M of M. We claim that dM, which is the union of a collection of
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tori is incompressible in M. If not, there is a disk D embedded in M such that
DN M =93D. We may suppose that D N F is the union of a collection of disjoint
simple arcs. We suppose that D has been chosen so that P N F contains a mini-
mal number of arcs. Let D, be a component of D N M, or D N M, such that
0D N D, is connected. If D= D,, 9D is freely homotopic in oM to a loop on F
and N, N F is not incompressible. Otherwise we suppose that 3D, N N, is not
empty. If the arc 9D, N N, is not a spanning arc of the annular component of
Fr(V,) on which it lies, the number of arcs in D N F could be reduced. Other-
wise a fibre of N, is homotopic rel its boundary across D; to an arcin F. It
follows that M is incompressible in M and each component of dM is an essential
torus in M. This completes the proof of Lemma 5.

REMARK 2. It is clear from the proof of Lemma 5 that if «,({T) N F) —
m,(F) is not onto, M admits an essential embedding g: T —> M.

IV. The principal theorem.

THEOREM 1. Let M be a closed, connected, irreducible orientable 3-mani-
fold. Let f: T — M be an essential map. Let F be an incompressible surface
embedded in M. Then either M admits an essential embedding g: T — M or M
has a finite sheeted covering space homeomorphic to F x S*. Furthermore if M
does not admit an essential embedding of T, M is either a bundle with base st
and fibre F or the union of two twisted line bundles each bounded by F.

ProoF. We assume that F has minimal genus. If F does not separate M,
Theorem 1 is an immediate consequence of Lemma 3. Otherwise we may assume

that M does not admit an essential embedding of a torus and by Lemma S the
closures M, and M, of the components of M — F will be twisted line bundles.

Let o; be an element of m,(M;) so that g; € im(m, (F) — m, (M) forj =1, 2
and (M, p) the covering space of M associated with the subgroup G of m, (M)
generated by =, (F) and 0,0,. Since 0, and G generate (M) and w,(M)/7,(F)
=7, M is a two-sheeted cover of M. It can be seen that neither component

of p~ ! (F) separates M. If M fails to admit an essential embedding of a torus, it
is a consequence of Lemma 3 that M has a finite sheeted cover homeomorphic
to F x St.

Otherwise let g: T — M be an essential embedding. Let p: M —> M be the
nontrivial covering translation. We may suppose that g(T) N p~L(F) is the union
of a collection of disjoint, simple, essential loops since g(T) and p~1(F) are in-
compressible in M. We suppose further that g(T) and pg(T) are in general position
and furthermore that if F is a component of p~!(F), one cannot decrease the
number of points in F 0 g(T) N pg(T) via an isotopy g(T) (and thus pg(T)). Now
if m,(0g(T) N F) — m,(F) is not onto (in particular if pg(T) N F is not connec-
ted), it follows from Remark 2 that M admits an essential embedding. Otherwise
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by Remark 1, M (and thus M) has a finite sheeted cover homeomorphic to F x
S!. This completes the proof of Theorem 1.
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